Abstract. We consider the graphs involved in the theoretical physics model known as the colored Sachdev-Ye-Kitaev (SYK) model. We study in detail their combinatorial properties at any order in the so-called 1/N expansion, and we enumerate these graphs asymptotically.
Introduction
In the last years, a quantum mechanical model known as the Sachdev-Ye-Kitaev (SYK) model [29, 25] has attracted huge interest from the theoretical physics community (see [28, 27] and references within). This comes from the fact that the SYK model is the unique known model enjoying a certain number of important properties in an high-energy physics context, which makes it a pertinent toymodel for black hole physics.
The SYK model (and related models) is studied "perturbatively", i.e. using formal decompositions of the quantities defining the theory in sums over graphs. In the case of the SYK model, one uses the so-called 1/N expansion, where N is the number of particles of the model. Some graphs give the leading contribution (a first approximation in the limit N → ∞), and the other graphs provide corrections of relative importance to the leading contribution. This level of contribution of a graph (the importance of the correction it brings to the leading computation) is encoded in a non-negative parameter which we here call the order. Until now, most papers focused on the leading contribution [28, 27, 6] , whose corresponding graphs (the so-called melonic graphs) are very simple from a combinatorial point of view.
In this paper, we realize a purely combinatorial study of the graphs arising from the perturbative 1/N expansion of the colored SYK model [22, 4] , at any order of contribution. This is done using purely combinatorial methods: a bijection with combinatorial maps (constellations), and the method of kernel extraction [31, 32] . The results of this paper are a follow up of preliminary studies initiated in [4] , [26] .
In [34] , Witten related the SYK model to the colored tensor model, model initially proposed in a mathematical physics context by Gurau [20, 23] (see also the book [21] ), and then studied from a purely combinatorial point of view by Gurau and Schaeffer in [24] (a similar combinatorial study, for a different type of tensor model, called the multi-orientable tensor model [30] was done in [16] ). Our analysis is analogous to the Gurau-Schaeffer study, even though the combinatorial objects we deal with here, called hereafter SYK graphs, are qualitatively different from the colored graphs analyzed in [24] 1 . Because of these differences, the asymptotic analysis turns out to be significantly less involved for the colored SYK model, than for colored tensor models.
Our work has another application in a discrete geometry context. Indeed, the graphs studied here are dual to colored triangulations [14, 17, 11] , or gluings of bigger building blocks [5, 3, 26] , and the order mentioned above is a certain linear combination of the number of sub-simplices of these spaces. In dimension two, and for surfaces obtained from a single polygon by identifying two-by-two the edges on its boundary (called unicellular maps [33, 9, 10] ), the order reduces to twice the genus of the surface. In higher dimension, we will show that asymptotically almost surely (we use the abbreviation a.a.s. thereafter), the spaces of fixed order are obtained from a single building block, whose boundary represents a piecewise-linear manifold, the topology of which we determine.
1.1. Colored graphs and SYK colored graphs. Let us start with the following definition: Definition 1.1. A connected regular (q+1)-edge-colored graph has edges carrying colors in {0, · · · , q}, so that each colors reaches every vertex precisely once. Throughout the text, we will simply refer to such a graph as a colored graph.
A colored graph is said to be rooted if one of its color-0 edges is distinguished and oriented. It is said to be bipartite if its vertices are colored in black and white so that every edge links a black and a white vertex. For a rooted bipartite graph we take the convention that the vertex at the origin of the root-edge is black. We denote byG q the family of connected rooted (q + 1)-edge-colored graphs, and G q the subfamily of bipartite graphs fromG q . A connected colored graph is called an SYK graph if it remains connected when all the color-0 edges are deleted. We denote byG q SYK the family of rooted (q + 1)-edge-colored SYK graphs, and G q SYK the subset of bipartite SYK graphs. We give in Fig. 1 an example of a generic colored graph and of a bipartite SYK graph. As the color 0 will play a special role in the following, we represent the edges of color 0 as dashed. 1.2. Bi-colored cycles and order of a graph. Throughout the paper, we will use the notation a, b = {a, . . . , b} for two integers a < b. Definition 1.2. If i ∈ 1, q , the connected components of the subgraph obtained by keeping only the edges of color 0 and i only have vertices of valence two, so that they are cycles which alternate colors 0 and i. We will call such a subgraph a color-0i cycle, and more generally a bi-colored cycle.
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For i = 1, . . . , q, we denote by F 0i (G) the number of color-0i cycles of a colored graph G, and
2 In the tensor model literature, these are referred to as "faces". This terminology follows that of matrix models (where faces of ribbon graphs are closed cycles). However we choose not to use it to avoid confusions with the faces of maps and the facets of simplices. Definition 1.3. Given a colored graph G ∈ G q , we call 0-residues of G the connected components of the graph G0 obtained from G by deleting all the color-0 edges. We denote R 0 (G) the number of its 0-residues. An SYK graph is therefore a colored graph G with a single 0-residue, R 0 (G) = 1. Definition 1.4. Denoting by V (G) the number of vertices of a colored graph G, we define its order,
It is known that this parameter is always non-negative (we will present a bijection to certain diagrams in Section 2, which makes it easily visible).
1.3. Feynman graphs of the SYK model. The SYK graphs of Definition 1.1 are the graphs that label the perturbative 1/N expansion of the colored SYK model of [22, 4] 3 (called Feynman graphs in physics).
More precisely, the so-called (normalized) two-point function of the colored SYK model, one of the fundamental objects defining the theory, admits a formal 1/N expansion of the form
The sum above is taken over SYK graphs (or bipartite SYK graphs for the complex SYK model), and A(G) is a quantity that depends importantly on the details of the graph G. We call this quantity the amplitude of G. These amplitudes are only known for the very simplest cases [28, 27] . The other fundamental objects defining the theory admit similar expansions. Because δ 0 is non-negative, this sum re-organizes as follows,
The parameter N is taken to be very large in a first approximation
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. The graphs of order 0 provide the leading contribution, for which the amplitudes A(G) can be computed [29, 28] , the graphs of order 1 provide the first correction in 1/N , and so on: the graphs of order δ 0 provide the corrections of order 1/N δ0 to the large N computations. In order to compute the amplitudes A(G)| δ0(G)=δ , one must first identify the SYK graphs contributing at order δ 0 (G) = δ. This was done for graphs of order zero [28] and one [4, 12] . The procedure was described for higher orders in [4] and further detailed in [26] .
As already explained above, we are interested in the present paper in studying the combinatorial properties of the SYK graphs of any fixed order δ ≥ 0. We stress that because of the non-combinatorial amplitudes A(G), which a priori differ for graphs contributing to the same order δ 0 = δ, our enumerative results do not allow re-summations of contributions to the SYK two-point functions. Our interest is therefore purely combinatorial.
1.4.
Geometric interpretation: enumeration of unicellular discrete spaces. It is known that, by duality, edge-colored graphs with q + 1 colors encode q-dimensional triangulations [14] , with the property that a colored graph is bipartite iff its dual q-dimensional triangulated space is orientable. In our case however, the color 0 is given a special role, as we only focus on color-0i cycles. In this case, we can interpret the colored graphs as representing discrete spaces obtained by gluing together some building blocks along the elements of their triangulated boundaries [26] , such as e.g. octahedra [3] . On the left is an octahedron with its dual 3-colored graph. To build a unicellular space out of the octahedron, one adds color-0 edges to identify its 2-simplices in a unique way.
Indeed, each one of the connected components of the q-colored graph G0 obtained by deleting all color-0 edges is dual to a (q − 1)-dimensional colored triangulation, and the additional color-0 edges encode identifications of (q − 1)-simplices in a unique way
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, as illustrated in Fig. 2 for q = 3. If we provide each (q − 1)-dimensional triangulation with an interior, such spaces can therefore be considered as obtained from a collection of elementary q-dimensional building blocks with triangulated (q − 1)-dimensional boundaries by identifying two-by-two the facets of their boundaries.
The vertices of the colored graphs are dual to the (q − 1)-dimensional elements that belong to the boundaries of the elementary building blocks. Moreover, the color-0i cycles with p color-0 edges are dual to the (q − 2)-dimensional elements with p incident (q − 1)-dimensional elements in the dual discrete space. Therefore, the order δ 0 of a (q + 1)-edge-colored graph G (given in Eq. (2)) is a linear combination of the numbers n q−2 and n q−1 of (q − 2) and (q − 1)-dimensional elements of its dual space M,
Moreover, the 0-residues of a colored graph (the connected components of G0) are dual to the elementary building blocks in the dual picture. Because of the additional connectivity condition, SYK graphs encode gluings of a single building block, and are thus a generalization to higher dimensions of unicellular maps (discrete two-dimensional surfaces obtained from a single polygon by identifying two-by-two the edges of its boundary) [9, 10, 33] .
In dimension q = 2, the 3-colored graphs are dual to bipartite combinatorial maps (which are orientable iff the colored graph is bipartite). The order δ 0 of a 3-colored graph G is the excess of the dual bipartite map M (or its number of independent cycles),
Note that if the bipartite map M is unicellular (i.e. if it has a single face), then the order is twice the genus of the dual map,
For unicellular spaces, the order is therefore one possible generalization of the genus. One of the results we prove in this paper, is that for q > 2, a large (q + 1)-edge-colored graph of fixed order δ 0 is almost surely dual to a unicellular colored space. This is not true in dimension 2: a large bipartite map of fixed excess is not a.a.s. unicellular. However, in dimension q > 2, our results therefore apply to the asymptotic enumeration of unicellular colored discrete spaces, according to a linear combination of their (q − 2) and (q − 1)-dimensional elements, which reduces to twice the genus of the unicellular space for q = 2.
Although from a purely geometric point of view, the choice of this particular combination of the number of (q − 1) and (q − 2) simplices appears to be arbitrary, the classification according to the order turns out to be remarkably simple with respect to other similar situations [5, 3, 26] .
1.5. Statement of the main results. We letg n,δ (resp. g n,δ ) be the number of rooted (resp. rooted bipartite) colored graphs of fixed order δ with 2n vertices, andc n,δ (resp. c n,δ ) be the number of rooted (resp. rooted bipartite) SYK graphs of fixed order δ with 2n vertices.
We also denote by m δ the number of rooted 6 trivalent maps with 2δ − 2 vertices, which is given by (see A062980 in OEIS) the recurrence
and define the constant κ δ as κ 0 = q/2π(q − 1) 3 and
Theorem 1.1. For δ ≥ 0 and q ≥ 3, the numbers g n,δ , c n,δ , 1 2 δgn,δ , and
, and κ δ is defined above.
As a consequence, for q ≥ 3, if we let G n,δ be a random rooted (q + 1)-edge-colored graph of order δ and with 2n vertices, then for δ fixed and n → ∞:
and
Proving Theorem 1.1 will be the main focus of the article. A first important tool is a bijection (introduced in [26] ) between colored graphs and so-called constellations (certain partially embedded graphs) such that the order of a colored graph corresponds to the excess of the associated constellation. We recall this bijection in Section 2 and also explain how it can be adapted to the non-orientable setting, giving the simple relationg n,δ = 2 δ g n,δ (which is also reflected above by the fact that g n,δ and g n,δ /2 δ have the same asymptotic estimate). Then, in Subsection 3.1, we use the classical method of kernel extraction to obtain an explicit expression for the generating function G δ (z) of bipartite colored graphs of fixed order δ. Singularity analysis of the obtained expression then gives us the asymptotic estimate of g n,δ . In Section 4 we then give sufficient conditions (in terms of the kernel decomposition) for a colored graph of order δ to be an SYK graph, and deduce from it that asymptotically almost all colored graph of order δ are SYK graphs. This implies that c n,δ has the same asymptotic estimate as g n,δ ; similar arguments in the non-orientable case ensure thatc n,δ has the same asymptotic estimate asg n,δ .
Our results on the asymptotic combinatorial structure of graphs of fixed order allow us to obtain in Section 5 the asymptotic topology of the boundary of the building block in the geometric interpretation of Section 1.4. We indeed show that if G is a large random bipartite (q + 1)-edge-colored graph G of fixed order δ, then almost surely, it represents a unicellular space, and the triangulated boundary of the building block is a piecewise-linear manifold whose topology is that of a connected sum of δ handles S 1 × S q−2 : if we denote by T the triangulation dual to G0, then
This implies however that the dual of G is a.a.s. not a manifold. 6 A map is called rooted if it has a marked edge that is given a direction.
Bijection with constellations
We recall here a bijection introduced in [26] from colored graphs of order δ to so-called constellations 7 of excess δ. Thanks to this bijection, computing the generating function of colored graphs of fixed order amounts to computing the generating function of constellations of fixed excess (which can classically be done using kernel extraction, as we will show in Section 3.1). We also explain in Section 2.2 how the bijection can be adapted to the non-bipartite case.
2.1. Bijection in the bipartite case. Given a bipartite colored graph G ∈ G q , we first orient all the edges from black to white. We then contract all the color-0 edges, so that the pairs of black and white vertices they link collapse into 2q-valent vertices which have one outgoing and one ingoing edge of each color i ∈ 1, q . The vertex resulting from the contraction of the distinguished color-0 edge is itself distinguished. The obtained Eulerian graph, G /0 , is such that the subgraph obtained by keeping only the color-i edges is a collection of directed cycles. For each such color-i cycle containing p vertices, we add a color-i vertex, and p color-i edges between that vertex and the p vertices of the cycle, and then we delete the original color-i edges, as illustrated below.
The cyclic ordering of the p edges around the cycle translates into a cyclic counterclockwise ordering of the p edges around the color-i vertex, and each of these (deleted) edges corresponds to a corner of the color-i vertex. Doing this operation at every color-i cycle, we obtain a connected diagram S = Ψ(G) having • non-embedded white vertices of valency q, with one incident edge of each color i ∈ 1, q , • embedded color-i vertices,
• color-i edges, which connect a white vertex to a color-i vertex,
• one distinguished white vertex (resulting from the contraction of the root-edge).
7 In [26] , constellations were called stacked maps, as a central quantity in that work was the sum of faces over a certain set of submaps. Here we use the term constellations, as it is a common name in the combinatorics literature for (the dual) of these objects.
We denote by S q the set of such diagrams, which we call (rooted) q-constellations 8 . An example is shown in Fig. 3 . We recall that the excess of a connected graph G is defined as L(G) = E(G)−V (G)+1; it corresponds to its number of independent cycles. We let S q n,δ be the set of constellations in S q with n white vertices and excess δ, and let G q n,δ be the set of rooted bipartite (q + 1)-edge-colored graphs with 2n vertices and order δ.
Theorem 2.1.
[26] The map Ψ described above gives a bijection between G q n,δ and S q n,δ , for every q ≥ 2, n ≥ 1 and δ ≥ 0.
Proof. The map Ψ is clearly invertible, hence gives a bijection from G q to S q . Regarding the parameter correspondence, for S = Ψ(G), the color-0 edges of G correspond to the white vertices of S, and these edges form a perfect matching in G, hence if S has n white vertices then G has 2n vertices. Finally, note that δ 0 (G) = 1 + (q − 1)n − F 0 (G), and L(S) = E − n − m + 1, with E the number of edges and m the total number of colored vertices in S. Since each color-0i cycle of G is mapped to a color-i vertex of S, we have F 0 (G) = m. Since each edge of S has exactly one white extremity and since white vertices have degree q, we have E = qn. Hence L(S) = δ 0 (G). q which satisfy the following identity:
or equivalently,
The colored graphs of order δ 0 = 0, i.e. those which Ψ maps to trees, are melonic graphs which in addition have a single 0-residue (they are SYK graphs) [4] . Indeed, in the recursive construction of Fig. 4 for an SYK melonic graph, the edge on which a pair of vertices is inserted must not be of color 0, and it is easily seen that a white vertex in a q-constellation incident to q − 1 leaves whose colors are not i ∈ 1, q corresponds to an insertion as in Fig. 4 on an edge of color i = 0 in the colored graph.
Proposition 2.2. The bijection Ψ maps the melonic SYK graphs in G q to the trees in S q .
An example of a rooted melonic SYK graph is shown on the right of Fig. 5 for q = 3. Note that this is also true for q = 2, although in that case a melonic SYK 3-colored graph is dual to a unicellular planar bipartite map. Another remark is that the 0-residue G0 is also a melonic graph, and in general, deleting the edges of a given color in a (q + 1)-colored melonic graph, one is left with a collection of melonic graphs with q colors. 2.2. The non-bipartite case. Consider a (non-necessarily bipartite) (q + 1)-edge-colored graph G ∈ G q . It has an even number of vertices, since color-0 edges form a perfect matching. We assign an orientation to each non-root color-0 edge. If G has 2n vertices, there are 2 n−1 ways of doing so. A vertex is called an in-vertex (resp. out-vertex) if it is the origin (resp. end) of its incident color-0 edge. We then orient canonically the remaining half-edges (those on color-i edges for i ∈ 1, q ); those at out-vertices are oriented outward and those at in-vertices are oriented inward.
Contracting the color-0 edges into white vertices as in (11), we obtain an Eulerian graph such that for each i ∈ 1, q every vertex has exactly one ingoing half-edge and one outgoing half-edge of color i. We choose an arbitrary orientation for each cycle of color i ∈ 1, q . For each white vertex and for each color i, the orientation of its incident half-edges either coincides with the orientation of the color-i cycle it belongs to, or they are opposite. We perform a star subdivision as in (12) , with the difference that now, each newly added color-i edge carries a ± sign, + if the orientations of the color-i half-edges agree with that of the color-i cycle, − otherwise, as illustrated below. We call signed colored graph a rooted colored graph together with a choice of orientation of each non-root color-0 edge, and a choice of orientation of each color-0i cycle for i ∈ 1, q . We call signed constellation a constellation (with a distinguished white vertex) together with a choice of ± sign for every edge. The transformation above defines a bijection Ψ between the set G q n,δ of signed colored graphs of order δ with 2n vertices and the set S q n,δ of signed constellations with n white vertices and excess δ. Let G q n,δ be the set of rooted colored graphs of order δ with 2n vertices. Since a colored graph G ∈ G q n,δ has n − 1 non-root color-0 edges and satisfies
As a consequence, the generating function G δ (z) of non-necessarily bipartite rooted (q + 1)-edgecolored graphs of order δ, with z dual to the half number of vertices, satisfies:
We can thus focus on the bipartite case when dealing with the enumeration of colored graphs of fixed order.
Enumeration of colored graphs of fixed order
In this section we compute the generating function G δ (z) of bipartite (q + 1)-colored graphs of fixed order δ. By Theorem 2.1 this is the generating function of constellations of excess δ, with z dual to the number of white vertices. We classically rely on the method of kernel extraction to obtain an explicit expression of G δ (z). Then singularity analysis on this expression will allow us (in Subsection 3.2) to obtain the asymptotic estimate of g n,δ = [z n ]G δ (z), stated in Theorem 1.1.
3.1. Exact enumeration. For a constellation S, the core C of S is obtained by iteratively deleting the non-root leaves (and incident edges) until all non-root vertices have degree at least 2. This procedure is shown in Fig. 6 for the example of Fig. 3 . The core-diagrams satisfy the following properties:
• white vertices are non-embedded while i-colored vertices (for i ∈ 1, q ) are embedded,
• white vertices have valency at most q, with incident edges of different colors,
• all non-root vertices (white or colored) have valency at least 2,
• each edge carries a color i ∈ 1, q , and connects a white vertex to a color-i vertex. We now focus on the maximal sequences of non-root valency-two vertices: Definition 3.1. A chain-vertex of a core diagram is a non-root vertex of valency two. A core-chain is a path whose internal vertices are chain-vertices, but whose extremities are not chain-vertices. The type of a core-chain is given by the colors of its two extremities (colored or white), and by the color of their incident half-edges in the chain. Replacing all the core-chains by edges whose two half-edges retain the colors of the extremal edges on each side of the chain, we obtain the kernel K of the constellation S. Note that K is a diagram that has a distinguished white vertex (the root-vertex) and satisfies the following conditions:
• white vertices are non-embedded while i-colored vertices (for i ∈ 1, q ) are embedded, • white vertices have valency at most q, with incident half-edges of different colors,
• all non-root vertices (white or colored) have valency at least 3,
• each half-edge carries a color i ∈ 1, q , and is incident either to a white vertex or to a vertex of color i. We call kernel diagrams the (connected) graphs satisfying these properties. The excess of such a diagram K is as usual defined as E − V + 1, with E its number of edges and V its number of vertices. An important property is that a constellation and its kernel have equal excess. We let K q be the family of kernel diagrams and K q δ those of excess δ. Since every non-root vertex in a kernel-diagram has valency at least 3, it is an easy exercise to show that K has at most 3δ − 1 edges (this calculation will however be detailed in Section 3.2), so that K q δ is a finite set. An edge of K is called unicolored (resp. bicolored) if its two half-edges have the same color (resp. have different colors). For K ∈ K q we let V • (K) and V • (K) be the sets of white vertices and of colored vertices in K, and denote V • = Card(V • ) and V • = Card(V • ); we let E(K), E = (K), E = (K) be the numbers of edges, of unicolored edges, and of bicolored edges in K; we also use refined notations
to denote the numbers of any/unicolored/bicolored edges whose extremities are colored/colored (resp. colored/white, resp. white/white).
For K ∈ K q δ we let S q δ,K be the set of q-constellations (all of excess δ) that have K as kernel. A constellation in S q δ,K is generically obtained from K where each edge e is replaced by a core chain of the right type, i.e. a sequence of valency-two vertices of arbitrary length, alternatively colored and white, which respects the boundary conditions, in the sense that extremal edges match the colors of the two half-edges that compose e, and an extremal vertex of the chain is white iff the incident extremity is white. Colored leaves are then added to white vertices so that they have one incident edge of each color i ∈ 1, q . An arbitrary tree rooted at a color-i corner is then inserted at every color-i corner (Fig. 7) . To obtain the generating function G δ,K (z) of the family S q δ,K , with z dual to the number of white vertices, one must therefore take the product of the generating functions of the core-chains whose types correspond to the coloring of vertices and of half-edges in K, together with a certain number of tree generating functions. The generating function G T (z) of q-colored stacked trees rooted on a color-i corner (for any fixed i ∈ 1, D ) and counted according to their number of white vertices is given by
Its coefficients are the Fuss-Catalan numbers:
Proposition 3.1. For q ≥ 3, the generating function of rooted bipartite (q + 1)-edge-colored graphs of fixed order δ is expressed as
with the notation
Proof. Following the approach of [26] , we first compute the generating functions of core-chains of various types, in two variables z • , z • where z • (resp. z • ) is dual to the number of non-extremal white (resp. colored) vertices in the chain. We let A decomposition by removal of the first white vertex along the chain yields the system
Similarly, we use the notations
for the generating functions of corechains whose extremal vertices are colored/white. By deletion of the extremal white vertex we find
Finally, we use the notations
for the generating functions of corechains whose extremal vertices are white/white. By deletion of the extremal white vertices we find
Given a kernel diagram K ∈ K q , let
Using the expressions (21)- (23), we find
where
where z • (resp. z • ) has been replaced by zG T (z) q−2 (resp. G T (z) 2 ), to account for tree attachments. This rearranges into
Singularity analysis.
We can now obtain the singular expansion of G δ,K (z) for every given K ∈ K q δ , which yields the singular expansion of G δ (z) and the asymptotic estimate of g n,δ stated in Theorem 1.1.
We start with the singularity expansion of the tree generating function G T (z). From the equation
q it is easy to find (see [1] ) that the dominant singularity of G T (z) is
and we have the singular expansion
Using (24), we have
, so that for any K ∈ K δ we have
From (24) and (25), we have
and therefore, using the expression of Prop. 3.1 we find
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The singularity exponent is thus maximal for kernel diagrams that have maximal number of edges (at fixed excess δ). As a kernel diagram K ∈ K q δ has no vertices of valency one or two, apart maybe from the root,
with equality if and only if the root vertex has valency one, and all the other vertices have valency three. This implies that
The maximal number of edges of a kernel diagram with fixed excess δ is therefore 3δ − 1, and we denote by K q δ the subset of those diagrams in K q δ , i.e., kernel diagrams with a root-leaf and all the other vertices of valency 3. We hence obtain
We orient cyclically the edges at each white vertex by the natural order of the colors they carry. For each non-root white vertex, there are 3 q 3 ways of choosing the colors of the incident half-edges, so that they are ordered correctly. Moreover, there are q ways of choosing the color i ∈ 1, q of the half-edge incident to the root vertex, as well as the color of each colored trivalent vertex (this fixes the color of the incident half-edges). Let M δ be the set of maps with one leaf (called the root) and 2δ − 1 other vertices all of valency 3; note that these maps have 3δ − 1 edges hence have excess δ. In addition, the cardinality of M δ is clearly equal to the coefficients m δ introduced in Section 1.5.
From the preceding discussion we obtain
where the factor raised to power 2δ − 1 corresponds to the choice for each vertex of valency 3 whether it is colored or white. Finally, we obtain the following expression:
Using transfer theorems of singularity analysis [15] , we conclude that, for δ ≥ 1,
This gives the asymptotic estimate of g n,δ = [z n ]G δ (z) in Theorem 1.1.
The connectivity condition and SYK graphs
In Subsections 4.1, 4.2 and 4.3 we give sufficient conditions for a bipartite (q +1)-edge-colored graph to be an SYK graph; we then deduce (using again singularity analysis) that the non-SYK graphs have asymptotically negligible contributions, which ensures that in Theorem 1.1, the coefficients c n,δ have the same asymptotic estimate as the coefficients g n,δ (the latter estimate having been established in the last section). In Subsection 4.4, we adapt these arguments to non-necessarily bipartite graphs.
Preliminary conditions. Proposition A colored graph G ∈ G
q is an SYK-graph if and only if for every edge of color 0, the two incident vertices are linked by a path containing no edge of color 0.
Proof. By assumption, a colored graph G ∈ G q is connected. Consider a color-0 edge e in G, and its two extremities. If these vertices are linked in G by a path containing no color-0 edge, deleting e does not change the connectivity. As it is the case for every color-0 edge, the proposition follows. In both subsections below, we will need the following lemmas.
Lemma 4.3.
A white vertex with at least one tree attached to it is admissible.
Proof. Consider such a white vertex v • in a map S ∈ S q , and a tree attached to it via an edge of color i ∈ 1, q . We prove the lemma recursively on the size of the tree contribution.
If the tree is just a color-i leaf, it represents in the colored graph G = Ψ −1 (S) an edge of color-i between the corresponding two vertices in G, so that v • is admissible. If the tree has at least one white vertex, then the color-i neighbor v i of v • has valency greater than one. All the other white vertices attached to v i have a smaller tree attached, and from the recursion hypothesis, they are admissible. To each corner of v i corresponds a color-i edge in G, so that we can concatenate the colored paths in G linking the pairs of vertices for all of these white vertices, as illustrated on the left of Figure 8 . This concludes the proof. Consider two color-i edges e and e in a colored graph G corresponding to two corners incident to the same color-i vertex v i in S = Ψ(G). These corners split the edges incident to v i into two sets V a and V b .
Lemma 4.4. With these notations, if all the edges in either V a or V b all lead to pending trees, then there exist a path in G containing both e and e , without any color-0 edge.
Proof. Suppose that the condition of the lemma holds for V a . All the white extremities of edges in V a have a tree attached, so that from Lemma 4.3, they are admissible. As above in the proof of Lemma 4.3, we can concatenate the colored paths for all these white vertices, using the color-i edges incident to the corners between the edges in V a , as shown on the right of Figure 8 .
Consider a q-constellation S ∈ S q , its core diagram C, and its kernel diagram K ∈ K q . Consider a white vertex v ∈ S. We will say that it also belongs to C if it is not internal to a tree contribution, and we will say that it also belong to K if, in addition, it is not a chain-vertex of C. Proof. If v is of valency d < q in K, it means that q − d > 0 tree contributions have been removed in the procedure leading from a constellation S to its kernel diagram K. We conclude applying Lemma 4.3.
Lemma 4.6. Let G ∈ G q and let K be the kernel of the constellation associated to G. If K has no white vertex of valency q, then G is an SYK graph.
Proof. Let S ∈ S δ,K . From Lemma 4.5, the vertices of S which also belong to K are admissible, as they are of valency smaller than q. The other white vertices of S necessarily have a tree attached: either they are internal to a tree contribution, either they are chain-vertices of the corresponding core-diagram. We conclude applying Lemma 4.3 to every white vertex, and then Corollary 4.2. Proof. The associated kernel K has a root-vertex of degree 1 and all the other vertices of degree 3. Hence all the vertices of K have valency smaller than q. Hence, from Lemma 4.6, G is an SYK graph.
We have seen in Section 3.2 that the non-dominant (q + 1)-edge-colored graphs have asymptotically a negligible contribution. Hence g n,δ ∼ c n,δ .
4.3.
The case q = 3. It now remains to show that for q = 3 we have c n,δ ∼ g n,δ . Note that we cannot just apply Lemma 4.6 as in the case q > 3, since all non-root vertices of a kernel diagram K ∈ K 3 have valency at least 3 = q.
Lemma 4.8. Let S ∈ S q be a q-constellation, with C its core diagram and K its kernel diagram. Let v • be a white vertex which belongs to S, C, and K.
If there is at least one core-chain in C incident to v • and containing at least one internal white vertex, then v • ∈ S is admissible. Figure 9 . Concatenation of paths in the proof of Lemma 4.8.
Proof. Consider a core-chain in C incident to v • and denote v • the closest white chain-vertex in the chain (see Fig. 9 ). There necessarily is a color-i chain-vertex for some i ∈ 1, q between v • and v • , which we denote v i (v i is in the chain, at distance one from both v • and v • ). The vertex v • has q − 2 > 0 trees attached in S, and using Lemma 4.3, it is therefore admissible. We denote p the corresponding path in G = Ψ −1 (S). The vertex v i has two incident corners in C, both of which might have some tree contributions attached in S. These tree contributions are naturally organized in two groups V a and V b (which correspond to the two corners of v • in C). Applying Lemma 4.4 to both groups, we obtain two paths p a and p b in G. The concatenation of p , p a and p b , gives a colored path between the two vertices corresponding to v • in G, so that v • is admissible.
Lemma 4.9. Consider a (q + 1)-edge-colored graph G, and the core-diagram C of the q-constellation S = Ψ(G). If every white vertex of C either is of valency d < q, or has an incident core-chain containing at least one white chain-vertex, then G is an SYK graph.
Proof. This is a simple consequence of Lemma 4.5, Lemma 4.8, and Corollary 4.2.
Lemma 4.10. For q ≥ 3 and δ ≥ 1, let G be a random edge-colored graph in G q n,δ , and let C be the core of the associated constellation S. Then, a.a.s. all the core-chains of S contain at least one (internal) white vertex.
Proof. Let r n,δ be the number of edge-colored graphs from G q n,δ with n vertices, such that one of the core-chains is distinguished (i.e., the kernel has a distinguished edge) with the condition that this distinguished core-chain has no internal white vertex. Lemma 4.9 ensures that g n,δ − c n,δ ≤ r n,δ hence we just have to show that r n,δ = o(g n,δ ). We let R δ (z) = n≥1 r n,δ z n be the associated generating function. For every K ∈ K δ , the contribution to R δ (z) in the case where the distinguished edge of K has two white extremities and two half-edges of the same color is (with the notations in the proof of Prop. 3.1) equal to
It is then easy to check that, due to the G •• (z • , z • ) appearing in the denominator, the leading term in the singular expansion is O((z − z c ) −(E(K)−1)/2 ). This also holds for all the other possible types of the distinguished kernel edge, so that we conclude that
Theorem 4.11. For q ≥ 3 and δ ≥ 1, we have c n,δ ∼ g n,δ as n → ∞.
Proof. From Lemma 4.9 and Lemma 4.10 it directly follows that (for q ≥ 3 and δ ≥ 1) the random edge-colored graph G ∈ G q δ,n is a.a.s. an SYK graph. Hence for q ≥ 3 we have c n,δ ∼ g n,δ . 4.4. The non-bipartite case. Let us go through the arguments of the last section, to adapt them in the case of generic colored graphs.
Firstly, choosing an orientation for every color-0 edge and color-0i cycle does not change the number of 0-residues, so that we can work with signed colored graphs and signed constellations. Proposition 4.1, Corollary 4.2 are obviously true for signed colored graphs and signed constellations. Lemma 4.3, Lemma 4.5 and Lemma 4.6 also hold for signed constellations and signed colored graphs, as tree contributions represent bipartite (melonic) subgraphs. Therefore, Corollary 4.7 is also valid for non-necessarily bipartite (q + 1)-colored graphs, with q > 3 and δ > 0.
Similarly, chains (and their attached trees) represent bipartite subgraphs of the colored graphs, so that for q = 3, Lemmas 4.4 and 4.8 and 4.9 can still be used without modification. It remains to adapt Lemma 4.10 for signed colored graphs, i.e. to prove that a.a.s, all core-chains of a signed constellation with n vertices and excess δ contain at least one internal white vertex. This is true, as choosing a sign ± for every one of the δ + n − 1 edges does not modify this property.
Thus, Theorem 4.11 generalizes for non-necessarily bipartite graphs inG q : For q ≥ 3 and δ ≥ 1, we havec n,δ ∼g n,δ as n → ∞. Theorem 1.1 follows from this, as well as (17) and (31).
Topological structure of large random SYK graphs of fixed order
In this section, we consider a large colored graph G ∈ G q of fixed order δ 0 (G) = δ and which has a single residue, which we denote G0. In this case, the 0-residue can be interpreted as being dual to the boundary of the building block of the unicellular space that G represents (see the geometric introductory section 1.4). We further denote S = Ψ(G), C its core-diagram, and K its kernel diagram, see again Fig. 6 .
We determine the a.a.s. topology of the boundary of the building block of the large orientable unicellular space dual to the SYK graph G of order δ. This is done by adapting some results on the topology of triangulations dual to colored graphs [14, 17, 18, 23, 8] , to the 0-residue G0. In dimension q = 2, an orientable unicellular map with n edges is obtained from a disc whose polygonal boundary contains 2n edges. Thus whatever the topology of the unicellular map (its genus), the topology of the boundary of the building block is always that of the circle S 1 (since the building block is always a disc). The topology of the building block is therefore a much weaker information than the topology of the glued space itself. Still, however, it provides some information about the possible spaces one can obtain from the building block.
In Section 5.2, we show that G0 is a.a.s. a piecewise-linear manifold, and in Section 5.3, we determine its a.a.s. topology. In particular, we will see that although the building block is a.a.s. a manifold, the glued space itself is a.a.s. never a piecewise-linear manifold (it contains a singularity and is therefore a pseudo-manifold). Still, fixing the order of the graph is responsible for the a.a.s. non-singular topology of the building block (in [7] , it is shown that a uniform (q + 1)-colored graph with q > 2 and all of its residues are a.a.s. dual to pseudo-manifolds with singularities).
5.1.
On the residues of G0. In order to obtain the results mentioned above, we need the following preliminary results.
We have seen in Lemma 4.10 that, for S a large random constellation of fixed order δ, then a.a.s. every core-chain of S has at least one white vertex. In view of establishing the (a.a.s.) topological structure of S, we need the following complement to Lemma 4.10 for colored vertices (in fact it is to be expected that, in addition to containing at least one white vertex and at least one vertex in each color, the length of every chain is of scale √ n).
Lemma 5.1. Consider a large (q + 1)-edge-colored graph G of fixed order δ, and the core-diagram C of the constellation Ψ(G). Then a.a.s., any core-chain in C contains at least one chain-vertex of every color i ∈ 1, q .
Proof. We proceed similarly as in the proof of Lemma 4.10. Let a n,δ be the number of edge-colored graphs from G q n,δ where all core-chains have at least one vertex in each color i ∈ 1, q . And for i ∈ 1, q we let b n,δ,i be the number of edge-colored graphs from G q n,δ with a distinguished kernel edge such that the corresponding core-chain has no vertex of color i. Clearly we have g n,δ − a n,δ ≤ q i=1 b n,δ,i , so we just have to show that b n,δ,i = o(g n,δ ) as n → ∞. For i ∈ 1, q let B δ,i (z) = n≥1 b n,δ,i z n . For every K ∈ K q δ and j = i the contribution to B δ,i (z) where the kernel is K and the distinguished edge of K is white/white with both half-edges of color j is equal to
with (q − 1) allowed colors instead of q colors and E jj •• (K) is the number of white/white edges of K with both half-edges of color j. As we have already seen in Section 3.2, we have
as z → z c . On the other hand one can readily check that
2 ) converges as z → z c to a positive constant; indeed the denominator of
q ), which converges to 1/(q − 1) as z → z c . Hence the above contribution to
). This also holds for all the other contributions to B δ,i (z), so that b n,δ = o(g n,δ ).
In the following, we specify the index q for the bijection Ψ q : G q → S q . In order to characterize the topology of G0, we need to study its c-residues for c ∈ 1, q . They are the connected components of the graph obtained from G0 by deleting all the color-c edges. We denote by Sĉ the (non-necessarily connected) constellation obtained from S = Ψ q (G) by deleting all the edges and vertices of color c. The c-residues of G0 are subgraphs of the c-residues of G, which in turn are obtained by applying the inverse bijection Ψ We recall (Section 1.4), that by duality, an SYK graph represents a unicellular discrete space, obtained by gluing two-by-two the facets of its boundary. The boundary of its only building block possesses a colored triangulation dual to the connected q-colored graph G0.
Theorem 5.7. Consider a large (q + 1)-edge-colored graph G of fixed order δ. Then almost surely, it represents a unicellular space, and the triangulated boundary of the building block represents a piecewise linear manifold.
Proof. We have seen in Section 4 that G is a.a.s. an SYK graph, which from Lemma 5.1 (Corollary 5.2), a.a.s. satisfies that for any c ∈ 1, q , Sĉ is a collection of trees. Therefore, a large random (q + 1)-edge-colored graph G of fixed order δ a.a.s. satisfies the conditions (and thus the conclusions) of Lemma 5.6.
Note that this result applies both to bipartite and non-bipartite graphs. In addition to the conclusions above, G0 represents an orientable manifold iff it is bipartite (see e.g. [8] , p. 5).
5.3. The a.a.s. topology of G0. For large bipartite graphs G ∈ G q of fixed order, we are able to characterize in more details the a.a.s. topology of G0. We will need the following Lemma.
Lemma 5.8. Cutting off trees in a q-constellation Ψ q (G) does not change the topology of G0.
Proof. A tree contribution necessarily contains a white vertex attached to q − 1 leaves. In the colored graph picture, this corresponds to a pair of vertices linked by q colors, including 0. Two other edges of a common color are attached to the two vertices. Deleting the pair of vertices in the colored graph and reconnecting the pending half-edges amounts to deleting the white vertex and incident leaves in the constellation. In G0, this is the same operation as in G but with a pair of vertices that share q − 1 edges. It is called a (q − 1)-dipole removal and it is a classical result that this does not change the topology of the dual of a q-colored graph [17] .
If S is a q-constellation, we denote S ij the sub-diagram obtained from S by keeping only the edges of color i and j.
Lemma 5.9. With these notations, if S ij is a forest, the two vertices at the extremities of any color-0 edge in the colored graph G = Ψ −1 (S), belong to a common color-ij cycle.
Proof. Using Prop. 2 (s) 0 is a connected color-ij cycle of G0. The two vertices corresponding to a given white vertex of a connected component of S ij , belong to the same connected 3-colored graph, and therefore to the same color-ij cycle.
Consider a constellation S, and its core-diagram C. A white chain-vertex in a core-chain has only two incident edges which belong to the core-chain (i.e. which are not bridges). These edges have two different colors i and j in 1, q . We denote by v ij such a chain-vertex. At this point, we must define an operation on the constellation S: the deletion of a white chainvertex v ij , of the trees attached, and of the two incident edges of color i and j. We denote S \vij the resulting constellation. This operation is illustrated in Fig. 10 . Figure 10 . Deletion of a chain-vertex and incident trees in a constellation.
We respectively denote T and T \vij the two (q − 1)-dimensional triangulations dual to (Ψ −1 q (S))0 and (Ψ −1 q (S \vij ))0. The following theorem is just a translation of a result of [18] , in the context of constellations.
Theorem 5.10 ([18]).
If v ij is a handle-vertex, if T is a connected PL-manifold, and if T \vij is also connected, then T has the topology of the connected sum of T \vij and S 1 × S q−2 T ∼ P L T \vij # (S 1 × S q−2 ).
Note that in [18] , the handles are defined in the q-colored graphs as pairs of vertices linked by q − 2 colors, leaving two incident edges of some color i and two of some color j, which all belong to a common color-ij cycle. In the constellation picture, this means that the handle-vertex is incident to q − 2 leaves. However, from Lemma 5.8, removing or adding the tree contributions does not change the topology, so we chose to state the theorem in this more general setting.
Lemma 5.11. Consider a (q + 1)-colored SYK graph G of order δ with S = Ψ q (G), such that for any c ∈ 1, q , Sĉ is a collection of trees. Then the triangulation T dual to G0 has the topology of a connected sum of δ handles S 1 × S q−2 .
Proof. Every chain contains a white chain-vertex, which we denote v ij , i and j being the colors of the two incident edges which are not bridges. We pick a color k = i, j. From Corollary 5.2, Sk is a forest, and since S ij is a sub-constellation of Sk, it is a forest as well. From Lemma 5.9, v ij is therefore a handle-vertex. From Lemma 5.6, G0 is dual to a connected PL-manifold. Furthermore, the removal of v ij does not disconnect the graph: S \vij is of excess δ − 1, so either it is a tree (in which case (Ψ −1 q (S \vij ))0 is a connected sphere from Prop. 2.2 and Prop. 5.4), either δ − 1 > 0 and all of the remaining chains still contain a vertex of each color c ∈ 1, q , so that from Lemma 4.9, (Ψ −1 q (S \vij ))0 is still an SYK graph. We can apply Thm. 5.10, and proceed inductively on S \vij .
Theorem 5.12. Consider a large random bipartite (q +1)-edge-colored graph G of fixed order δ. Then it represents a.a.s. a unicellular space, and the triangulated boundary T of the building block has the topology of a connected sum of δ handles S 1 × S q−2 :
Proof. We have seen in Section 4 that G is a.a.s. an SYK graph, which from Lemma 5.1 (Corollary 5.2), a.a.s. satisfies that for any c ∈ 1, q , Sĉ is a collection of trees. Therefore, a large (q + 1)-edge-colored graph G of fixed order δ a.a.s. satisfies the conditions (and thus the conclusions) of Lemma 5.11.
Note that because the residue G0 almost surely does not represent a sphere, from Prop. 5.3, the colored triangulation dual 10 to G is almost surely not a piecewise linear manifold, it has one singularity.
Concluding remarks
As mentioned in the introduction, the colored tensor model and the SYK model share similar properties from a theoretical physics perspective. On the level of the graphs, it had already been noticed in [4] that the perturbative expansions in graphs of the models differ, by comparison of the contributions to the first subleading orders. In the present work, we completed this analysis by performing a combinatorial study of the graphs at all orders. This allows us to compare our results with the analysis performed by Gurau and Schaeffer in [24] for the colored tensor model, i.e. for bipartite (q + 1)-edge-colored graphs of positive Gurau-degree
where F ij (G) is the number of color-ij cycles of the graph. With the help of the bijection with constellations [26] , the analysis turns out considerably simpler for colored graphs of positive order
than in the Gurau-Schaeffer case: in the case studied in this paper, we apply the classical method of kernel extraction. The main difficulty, as already noticed in [4, 26] , is to take into account the fact that SYK graphs are connected when deleting all color-0 edges. However, we prove here that this turns out not to be a problem asymptotically: large random colored graphs of fixed order δ 0 are a.a.s. SYK graphs. While (q + 1)-colored graphs of vanishing Gurau-degree (melonic graphs, Section 2.1) have a nonvanishing order δ 0 = (q − 1)(R 0 − 1), it is possible to show that the Gurau-degree of a large random (q + 1)-edge-colored graph G of fixed order δ is a.a.s.
(and δ Gur (G0) = (q − 1)δ for its a.s. connected 0-residue G0). Indeed, at each step in the induction in the proof of Thm. 5.12, the degree of G (resp. of G0) decreases by q (resp. by q − 1). These are illustrations of the differences between the two classifications of colored graphs: in terms of the Gurau-degree and in terms of the order. The differences between the two classifications, as well as the simplicity of the present case, are better illustrated in the asymptotic enumerations of graphs of fixed Gurau-degree or of fixed order: while in the present case we obtain the estimate
